The rheological properties of a dilute suspension of ellipsoidal ferromagnetic particles in the presence of a magnetic field are studied on the basis of a kinetic model, where the flow and magnetic external fields couple in qualitatively different ways to the orientational behavior of the suspension. In the uniaxial phase the stress tensor is found to be of the same form as in the Ericksen-Leslie theory for nematic liquid crystals in the steady state. Expressions for a complete set of viscosity coefficients in terms of orientational order parameters are worked out. In the low Péclet number regime, the viscosity coefficients are given as explicit functions of the magnetic field and a particle shape factor, where the shape factor may equally represent a nonspherical unit ͑agglomerate, chain͒ composed of spherical particles. Effects due to possible flow-induced breakup of units are not covered in this work. Further, by considering the magnetization as the only relevant variable, a magnetization equation within an effective field approach is derived from the kinetic equation and compared to existing magnetization equations. The alignment angle of the magnetization and the first and second normal stress coefficient are studied for the special case of plane Couette flow. The assumptions employed are tested against a Brownian dynamics simulation of the full kinetic model, and a few comparisons with experimental data are made.
I. INTRODUCTION
Ferrofluids are colloidal suspensions of nanosized ferromagnetic particles in a carrier liquid ͓1͔. Various technical applications use the fact that the rheological behavior of ferrofluids can be manipulated by external magnetic fields. While the rheological behavior of dilute ferrofluids is rather well understood, most commercial ferrofluids are more concentrated and show deviations from the behavior in the dilute regime ͓2,3͔. In particular, the kinetic model of internal rotations of noninteracting, spherical ferromagnetic particles introduced in Ref. ͓4͔ successfully describes the rotational viscosity of dilute ferrofluids but is unable to account for various flow phenomena in commercial ferrofluids, such as a dependence on the symmetric velocity gradient, shear thinning, and the occurrence of normal stresses ͑see, e.g., ͓2͔ and references therein͒.
Recent years have seen intensive experimental ͓3,5,6͔ investigations of rheological properties of semidilute ͑commer-cial͒ ferrofluids subjected to an external magnetic field. Theoretical approaches to the dynamics of ferrofluids based on thermodynamic considerations have been proposed in Refs. ͓7-10͔. Very recently, one coefficient appearing in the generalized magnetization equation proposed in Ref. ͓10͔ has been determined experimentally ͓11͔.
Extensions of the kinetic model ͓4͔ to dilute suspensions of ellipsoidal ferromagnetic particles have been proposed in Refs. ͓12-14͔. Theoretical studies ͓12,13͔ investigate the initial part of the flow curve while Brownian dynamics simulations are performed in Ref. ͓14͔ . Nevertheless, until five years ago, ''The peculiarities of a rheological behavior of a suspension of ellipsoidal ferromagnetic particles in a field are scantily explored,'' p. 281 of Ref. ͓1͔. Very recently, the kinetic model of ellipsoidal ferromagnetic particles was extended in Refs. ͓15,16͔ to include also polydispersity effects.
In the present work, we consider a Fokker-Planck equation approach ͓17͔ applied to the orientational dynamics of a suspension of rigid, noninteracting, ferromagnetic ellipsoidal objects whose magnetization is parallel to the bodies symmetry axis, and work out its explicit relation to the EricksenLeslie theory of nematic liquid crystals ͓18͔. Five independent viscosity coefficients describe the magnetorheological homogeneous fluid. Their dependence on the orientational order parameters, the shape and concentration of the ferromagnetic units, and the solvent viscosity is worked out in detail. The Miesowicz viscosities, tumbling parameter, normal stress differences, and, e.g., the rotational viscosity increase, are related to combinations of these viscosity coefficients. In case of low Péclet number, explicit expressions for the coefficients, in terms of the magnetic field ͑in favor of the order parameters͒ are given and compared to previous results. Rheological properties due to possible flow-induced breakup of units are not covered in this work, but should be approximately obtained by superposition of the stated results for a given, yet unspecified, transient distribution. This work generalizes earlier results on the Fokker-Planck equation specialized to spherical ferromagnetic particles ͓19͔, where the effect of flow alignment of particle axes is not present. While uniaxial symmetry was the only assumption made so far, we use the stronger assumptions of the effective field approximation in order to derive a closed magnetization equation from the Fokker-Planck approach and discuss its relation to previous results. We also interpret the experimental result obtained in Ref. ͓11͔ for the tumbling parameter within the present kinetic model, and thereby conclude on *Corresponding author. Email address: ilg@physik.tu-berlin.de the nonspherical shape of ellipsoidal ferromagnetic units present in the sample. The validity of the presumption of uniaxial orientational symmetry made in the first part of this manuscript is finally tested against results obtained from a Brownian dynamics simulation of the full kinetic model in plane Couette flow. It is found that all viscosity coefficients are in good agreement with the results of the uniaxial approximation. The agreement is enhanced for strong magnetic field, resp. low Mason numbers. We stress that this agreement does not imply the actual distribution function to be almost uniaxially symmetric. Indeed, even for a large class of biaxial orientational distributions the moments that are relevant for the stress tensor are still rather well approximated by the uniaxial expressions. This finding actually motivated our analytical treatment of the uniaxial phase to be presented in Sec. III. This paper is organized as follows: In Sec. II, the kinetic model of internal rotations of rigid, ferromagnetic, ellipsoidal units is introduced and some of its properties are discussed. The relationship between the kinetic model and the Ericksen-Leslie theory ͑summarized in Appendix A͒ is established in Sec. III. Comparison of the present approach to the results of Ref. ͓10͔ is made in Sec. IV as well as an interpretation of the experimental results obtained in Ref. ͓11͔ . For the special case of plane Couette flow, the alignment angle of the magnetization and the first and second normal stress coefficients are studied in Sec. III C. Finally, some conclusions are offered in Sec. VI.
II. KINETIC MODEL
Consider an ensemble of n noninteracting, identical, rigid, ferromagnetic ellipsoids per volume. We assume the system to be spatially homogeneous, so that the state is described by the probability distribution function f (u;t) of an ellipsoid being oriented in the direction of the unit vector u at time t. Furthermore, it is assumed that the symmetry axis coincides with the direction of the magnetization of the particles, ϭu. The motion of a single ellipsoid is influenced by rotational diffusion, motion due to an external potential V, and the hydrodynamic drag caused by velocity field v. The dynamics is conveniently described by the kinetic equation ͓1,17,20͔
͑1͒
where the potential V for a magnetic moment ϭu in the local magnetic field H is given by
Here, the dimensionless magnetic field hϭH/k B T, its amplitude h ͑Langevin parameter͒, and the unit vector ĥ pointing in the field direction are introduced. In Eq. ͑1͒, Lϭu ϫ" u is the rotational operator with " u being the gradient on the unit sphere. The dimensionless quantities D and ⍀ characterize the flow geometry. The symmetric part of the flow gradient tensor and the vorticity are related to these quantities by Dϵ("vϩ͓"v͔ T )/2ϭʈٌvʈD , and ⍀ϵ("ϫv)/2 ϭʈٌvʈ⍀ , respectively, where ʈٌvʈ denotes the norm of the velocity gradient, such that ʈٌvʈϭ␥ for a shear flow with shear rate ␥ . In Eq. ͑1͒, the Péclet number is introduced, Péϭʈٌvʈ, which measures the relative importance of viscous and Brownian forces on the particle orientation. In order to interpret the results in terms of measurable quantities, we explicitly consider Eq. ͑1͒ to hold for ellipsoidal ferromagnetic units with positive axis ratio rϭa/b, where each unit is composed of N ferromagnetic spherical particles ͑molecular substituents of the unit͒. Accordingly, r is restricted by N through N Ϫ1/2 рrрN, and rϭ1 and r ϭN correspond to spherical and cylindrical units, respectively. In Eq. ͑1͒, Bϵ(r 2 Ϫ1)/(r 2 ϩ1), and Nϭ1 implies r ϭ1. Spherical units correspond to Bϭ0. In that case, Eq. ͑1͒ reduces to the kinetic equation for dilute ferrofluids given in Refs. ͓1,4͔. The relaxation time depends on the number of substituents N and axis ratio r via ϭe r N 1 , ͑3͒ The hydrodynamic stress tensor T for an incompressible dilute suspension of rigid ellipsoidal particles can be decomposed into its symmetric and antisymmetric part, see Eq. ͑A4͒. The antisymmetric part reads
with the conventional total antisymmetric ͑Levi-Civita͒ tensor ⑀ of rank 3. Here and below, we use the following notation for averages of arbitrary functions A(u) with respect to the distribution function f :
where the integration is performed over the threedimensional unit sphere. For convenience of notation the ex-plicit dependence of f on time is frequently suppressed in the sequel. The symmetric part of the stress tensor reads, according to ͓1,20,21͔,
where s is the shear viscosity of the Newtonian solvent. The geometric coefficients Q i are defined in Appendix C and the potential contribution is given by
Inserting the potential ͑2͒ into Eq. ͑4͒ one obtains
Similarly, inserting the potential ͑2͒ into the potential contribution to the symmetric stress tensor, Eq. ͑7͒, gives
where uuϵuuϪ(1/3)1 denotes the ͑symmetric͒ traceless part of uu.
A. Equilibrium and stationary state
Stationary solution to Eq. ͑1͒ in the absence of flow are of the canonical form f eq ϰexp(ϪV/k B T). For the potential ͑2͒, f eq takes the form
with the Langevin parameter h. Equilibrium moments ͗A͘ eq are defined by Eq. ͑5͒ with f replaced by f eq . The equilibrium magnetization is M eq ϭn͗u͘ eq ϭnL(h)ĥ , where L(x)ϭcoth(x)Ϫ1/x is the Langevin function and ĥ ϭh/h is the unit vector parallel to the magnetic field. This equilibrium magnetization is the classical result for a system of noninteracting magnetic dipoles. For later use, we provide the magnetic susceptibility in equilibrium, which is given by ␣␤ ϭnk B T 0 ␦ ␣␤ with 0 ϭn 2 /(3k B T). The stationary solution to Eq. ͑1͒ in case of steady potential flow, ⍀ϵ0, can also be found explicitly,
where z is a normalization factor. One may define the Mason number Mn as MnϭPé/h, which measures the relative importance of viscous and magnetic forces. For BMnӶ1, f s Ϸ f eq , while for BMnӷ1, f s is independent of the magnetic field and determined completely by the flow. Accordingly, f s ϭ f eq holds strictly for spherical particles and also in equilibrium (Péϭ0).
B. Approach to equilibrium
In the absence of a flow field, Eq. ͑1͒ yields a unique equilibrium state f eq . The approach to equilibrium is monitored by the dimensionless free energy functional per particle,
In terms of F, the kinetic equation ͑1͒ can be rewritten as
where ␦/␦ f denotes the Volterra functional derivative. The time rate of change of the free energy functional ͑12͒ is given by
where we used Eq. ͑1͒ and introduced quantities t a and s by T a ϭ⑀•t a and sϭL(␦F/␦ f ). In the absence of flow, Eq. ͑14͒ proves that the free energy functional ͑12͒ is nonincreasing, Ḟ р0, due to the dynamics ͑1͒, with Ḟ ϭ0 in equilibrium.
In the presence of a steady potential flow, the same arguments can be applied to the functional F s , that is obtained by replacing the equilibrium distribution function f eq in Eq. ͑12͒ by the steady state distribution f s , given by Eq. ͑11͒.
C. Moment equations
From the kinetic equation ͑1͒, the dynamics of the kth
The equation for the first moment, kϭ1, is therefore
and for the second, kϭ2,
where W ϭ⑀•⍀ . Using Eq. ͑17͒, the explicit contribution of the potential V to the symmetric stress tensor ͑6͒ can be eliminated ͓20͔,
͑18͒
Similarly, with the help of the moment equation ͑16͒, the explicit dependence on the potential can be eliminated from the antisymmetric stress tensor ͑4͒, hϭ⌸
Ϫ1
•a, with
͑19͒
where ⌸ Ϫ1 denotes the inverse of the matrix ⌸ϵ(1 Ϫ͗uu͘).
In the absence of potential forces and for Pé→0, the steady state stress tensor T reduces to Tϭ2 0,r D, with the zero-shear viscosity of a dilute suspension of magnetically neutral ellipsoidal particles ͑axis ratio r),
Einstein's formula 0 ϵ 0,rϭ1 ϭ(1ϩ5/2) s is recovered from this expression for spherical particles ͑see Appendix C͒. Results for the viscosity coefficients below will be related to the concentration-induced increase of the zero-shear-rate viscosity 0 for spheres, i.e., we eventually use the identities n rot ϭ2nk B Tϭ(12 0 /5)e r in order to make the dependence on shape evident. We generally omit the second index r for quantities, if rϭ1.
Due to the hydrodynamic drag and the magnetic field, the equation for the moment of order k, Eq. ͑15͒, couples to moments of order kϮ1 and kϮ2 (kу0). Therefore, a finite set of closed equations for the macroscopic magnetization and the macroscopic stress tensor T cannot in general be derived from the kinetic model unless some approximations are invoked.
III. RESULTS FOR UNIAXIAL SYMMETRY
In order to obtain more explicit expressions for the stress tensor and the viscosity coefficients, we here propose to consider the class of uniaxial distribution functions. This approach was applied successfully in Ref. ͓19͔ to dilute suspensions of spherical ferromagnetic particles. In the present case, in analogy to Ref. ͓20͔, further manipulations are based on the expressions ͑8͒ and ͑18͒ for the antisymmetric and symmetric part of the stress tensor. It should be mentioned that alternative and nonequivalent approaches for deriving viscosity coefficients within the uniaxial assumption are possible. For example, using this assumption for the formulation ͑6͒, ͑9͒, and ͑18͒ of the symmetric stress tensor yields different results which, for comparison, are presented in Sec. III B. By comparison with numerical simulations of the full kinetic model, however, use of the results in Sec. III B is discouraged, while those presented in the following section show rather good agreement.
Uniaxial symmetry of the distribution function with respect to the director n is defined here as f (u;t) ϭ f uni (u•n;t). Therefore f has the representation
with the scalar order parameters S j ϭ͗ P j (u•n)͘, and P j are Legendre polynomials. The moments of the distribution function ͗u͘,͗uu͘, etc., can be expressed in terms of the director n and the order parameters S i ͑expressions are collected in Appendix E͒. The S j are bounded, 0рS 1 р1 and Ϫ1/2рS j р1 for jϾ1.
In particular, the equilibrium distribution, Eq. ͑10͒, shows uniaxial symmetry around the direction of the magnetic field, n eq ϭĥ . In the equilibrium state, the orientational order parameters S j eq ϭL j (h) can be calculated explicitly as a function of the magnetic field,
where I jϩ1/2 is a modified spherical Bessel function ͓1͔. The functions L j (h) satisfy the recursion relation
with L 0 ϭ1 and L 1 (h) is identical to the Langevin function L(h). In equilibrium, Eqs. ͑E1͒-͑E4͒ reduce to the expressions for the equilibrium moments, given, e.g., in Ref.
͓1͔.
For spherical particles, we have shown in Ref. ͓19͔ , that the assumption of uniaxial symmetry leads to very accurate results also out of equilibrium, even if the actual distribution function is not strictly uniaxial symmetric. The validity of the assumption of uniaxial symmetry for nonspherical particles is discussed in Sec. V.
Inserting relations ͑E1͒-͑E4͒ valid in the uniaxial phase into Eq. ͑16͒, the following time evolution equations for the orientational order parameter S 1 and the balance equation for the director are obtained:
From Eqs. ͑E1͒-͑E4͒,͑18͒, the symmetric stress tensor ͑6͒ is found to be of the form ͑A4͒ assumed in the EricksenLeslie theory if the viscosity coefficients are identified with ͑see also Ref.
Equation ͑25͒ is of the general form of the balance equation for the director assumed in the Ericksen-Leslie theory ͑A3͒. The viscosity coefficients ␥ 1 and ␥ 2 can be extracted from Eq. ͑25͒ only up to an undetermined factor that relates the magnetic field h with the external director body force h n appearing in the Ericksen-Leslie theory ͑A3͒. However, inserting Eqs. ͑E1͒, ͑E2͒, ͑E3͒, and ͑16͒ into the antisymmetric stress tensor ͑8͒, we recover the Ericksen-Leslie form for T a ͑A4͒ with the viscosity coefficients (⌫ϵ12 0 e r /5 ϭ6 s e r )
For spherical particles, Bϭ0,e r ϭ1, we recover the result obtained in Ref.
introduces also the viscosity coefficient ␥ 2 , which is absent in the kinetic model introduced in Ref.
͓4͔. In the context of molecular liquids and in liquid crystals, this term is known to be responsible for the flow alignment phenomenon ͓22,23͔. In case of random alignment, S i ϭ0, we find no contribution to the antisymmetric stress tensor, ␥ i ϭ0, while in the opposite limit of perfect alignment, S i ϭ1, the maximum values ␥ 1 ϭ⌫ and ␥ 2 ϭB⌫ are attained. Comparison of Eqs. ͑25͒ and ͑30͒ with Eq. ͑A3͒ allows us to identify the director body force, h n ϭnk B TS 1 h. Note that the parameters ␣ 4 and ␥ 1 , given by Eqs. ͑28͒ and ͑30͒, are positive as required from dissipation arguments ͑A6͒. The parameters ␣ i and ␥ i also obey the restriction ͑A7͒.
According to our result stated in Eq. ͑30͒, the enhancement of the the rotational viscosity for nonspherical units is just given by the quantity e r characterizing the shape alone ͓Eq. ͑B3͔͒. While e rϭ1 ϭ1, for an axis ratio of rϭ10 we predict an increase in ␥ 1 by about 800%.
For later use, we provide the ratio of the coefficients ␥ i ,
As will be discussed in Sec. III C, ͉ t ͉Ͻ1 implies director tumbling in steady shear flow, while ͉ t ͉у1 implies the existence of a steady solution if the magnetic field is absent.
From Eq. ͑24͒, also the angle between the direction of the magnetic field and the magnetization can be calculated,
Pé͑D :nn͒ ͬ .
͑32͒
Equation ͑32͒ generalizes the corresponding result for spheres, Bϭ0, obtained in Ref. ͓19͔ . The additional term is responsible for the flow alignment of nonspherical particles.
A. Small Péclet number
In the low Péclet number regime PéӶ1, the order parameters S i may be replaced by their equilibrium values S i eq . Thus, the alignment angle , given by Eq. ͑32͒, becomes
and 0 →0 as Pé→0. As expected, a perfect alignment of the direction of magnetization with the magnetic field is obtained in this regime, nϭĥ .
The corresponding form of the stress tensor ͑A1͒ with n ϭĥ reads
and has been obtained previously in Refs. ͓12,13͔ from the kinetic model ͑1͒ in the limit Pé→0. The viscosity coefficients ␣ i 0 are obtained from Eqs. ͑26͒-͑30͒, by replacing S i with their equilibrium values S i eq ,
For the viscosity coefficients ␥ 1 0 ϭ␣ 3 0 Ϫ␣ 2 0 and ␥ 2 0 ϭ␣ 6 0 Ϫ␣ 5 0 we find
The expressions for the viscosity coefficients ␣ i 0 given in Refs. ͓12,13͔ differ, however, from these results. As pointed out in Ref. ͓13͔, viscous In Fig. 1 , the viscosity coefficients ␥ 1 0 ,␥ 2 0 , given by Eqs. ͑39͒ and ͑40͒, are shown as a function of the magnetic field h and the axis ratio of the ellipsoid r. The coefficients ␥ 1 0 ,␥ 2 0 are normalized by their maximum values. From Fig. 1 it is seen that the values of the viscosities increase with increasing r, the limit r→1 corresponding to the result for spherical particles.
B. Parodi's relation and an alternative set of viscosity coefficients
For small Péclet numbers, the stress tensor T is a linear tensor function of the symmetric and antisymmetric velocity gradient, given by Eq. ͑34͒. Employing Onsager's reciprocity relation, the matrix providing the linear relation between the stress tensor and the velocity gradient is assumed to be symmetric. In the present case, this relation is known as Parodi's relation ͓23͔,
The validity of Parodi's relation in the description of liquidcrystalline polymers has frequently been discussed in the literature ͓20,23͔. From Eqs. ͑36͒ and ͑40͒ it is seen that Parodi's relation is not satisfied identically except in the limit S i →1, i.e., h→ϱ. Note, that in this regime the assumption of uniaxial symmetry is most likely valid. The violation of Eq. ͑41͒ for finite h might be considered as a drawback of the preceeding approximation. Although one should remember that the assumption of uniaxial symmetry is in general not satisfied strictly by the underlying kinetic model. The violation of Parodi's relation stems from the different treatment of the symmetric and antisymmetric stress tensor in the above derivation: the first-moment equation is used for the formulation of the antisymmetric stress tensor and the second-moment equation for the symmetric stress tensor. Since we require the limit of spherical particles, Bϭ0, to be given by ␥ 1 , Eq. ͑30͒ in accordance with previous results ͓4͔, Parodi's relation can be preserved if the firstmoment equation is considered only and no use of Eq. ͑18͒ is made. If the magnetic field is eliminated from Eq. ͑9͒ with the help of Eq. ͑19͒, the resulting stress tensor is given by the Ericksen-Leslie form ͑A4͒ with an additional term ␤nn. Since ␤→0 for PéӶ1, the original Ericksen-Leslie form ͑A4͒ is restored for small Péclet numbers. The coefficients ␥ 1 ,␥ 2 are again given by Eq. ͑30͒. The coefficients appearing in the symmetric stress tensor differ, however, from Eqs. ͑26͒-͑29͒, where the zero-shear viscosity is given by 0,r P ϭ s ϩ 0,r P, with 0,r P, ϭ 0 ͓Q 1 ϩ((3/2)Q 3 ϪQ 2 ϪBQ 0 )/5͔ and 0 is given by the last of Eqs. ͑20͒. Diagonal contributions to the stress tensor have again be omitted since we consider incompressible conditions. From Eq. ͑43͒ it is seen that Parodi's relation ͑41͒ is satisfied and holds for arbitrary Péclet numbers. Comparison of Eqs. ͑26͒-͑29͒ and ͑42͒-͑45͒ together with Eq. ͑30͒ are compared in Sec. V with the result of Brownian dynamics simulations of the full kinetic model for steady shear flows. We will show that the agreement is better for the first set of viscosity coefficients ͓Eqs. ͑26͒-͑29͒, ͑30͔͒ than the second ͓Eqs. ͑42͒-͑45͒, ͑30͔͒. Thus, violations of uniaxial symmetry by the kinetic model seem to be better approximated if the assumption of uniaxial symmetry is imposed on the form ͑18͒ of the symmetric stress tensor than on the definition ͑6͒.
C. Steady shear flow
In this section, the previous results are applied to the important situation of a steady laminar shear flow between two parallel plates. The notion of the Miesowicz viscosities is introduced. Let the flow be oriented along the x direction and the gradient in y direction, vϭ͓v(y),0,0͔.
If the local magnetic field h lies in the plane of shear, the magnetic field and the director can be written as hϭh͑cos ,sin ,0͒, nϭ͑cos ,sin ,0͒, ͑46͒
where is the angle between the magnetic field and the flow direction and is the angle between the director and hence the magnetization and the x direction. Thus, the alignment angle , introduced above, is given by ϭϪ. In the steady state, the momentum balance ͑A2͒ becomes g͑ ͒␥ ϭ dp dx yϩ, ͑47͒
where ␥ ϭdv/dy and is the constant shear stress applied to the fluid and g͑ ͒ϭ 1 2 ͓2␣ 1 sin 2 cos 2 ϩ͑␣ 5 Ϫ␣ 2 ͒sin 2 ϩ͑␣ 6 ϩ␣ 3 ͒cos 2 ϩ␣ 4 ͔. ͑48͒
If there is no pressure gradient and the flow is caused by one plate moving at uniform velocity parallel to its own plane we have dp/dxϭ0 and ϭ " 0. On the other hand, if the plates are at rest and taking yϭ0 at the center between the plates gives dp/dxϭ " 0 and ϭ0.
In the present flow situation, the balance equation for the director, Eq. ͑25͒, becomes Mn͑␥ 1 ϩ␥ 2 cos 2 ͒ϩ 1 2 sin͑Ϫ ͒ϭ0, ͑49͒
where the Mason number Mnϭ␥ /h and dimensionless viscosities ␥ i ϵ␥ i /⌫, iϭ1,2, have been used. Equations ͑47͒ and ͑49͒ can be solved to give the alignment angle and the velocity gradient. If the plates are separated far enough, which we assume in the following, boundary effects can be neglected.
In the absence of a magnetic field, the orientation angle approaches the stationary value 0 defined by cos͑2 0 ͒ϭϪ␥ 1 /␥ 2 ϵ1/ t . ͑50͒
The interpretation of t as tumbling parameter stems from Eq. ͑50͒ which has no solution for ͉ t ͉Ͻ1. Therefore, in the absence of a magnetic field, ͉ t ͉Ͻ1 implies director tumbling while ͉ t ͉Ͼ1 allows for a steady solution ͓23͔.
If the magnetization ͑and not necessarily the magnetic field͒ is oriented parallel to the flow (sin ϭ0) and gradient (cos ϭ0) direction, the so-called Miesowicz ͑shear͒ viscosities 1 , 2 are measured, respectively, with 2 1 ϭ␣ 3 ϩ␣ 4 ϩ␣ 6 and 2 2 ϭϪ␣ 2 ϩ␣ 4 ϩ␣ 5 . Since these viscosities are predicted to depend on the shape of the ferromagnetic units, we will systematically label them with a second index ͑r͒ in the following. By using Eqs. ͑48͒ and ͑26͒-͑30͒ we obtain 1,r ϭ 0,r ϩ2 0 In Sec. V, also the ͑experimentally more important͒ viscosity coefficients a , b , and c are considered that are measured if the magnetic field ͑and not necessarily the magnetization͒ is oriented in flow, gradient, and vorticity direction, respectively. The viscosity coefficients a , b , and c agree with 1 , 2 , and 3 only in the limit PéӶ1, see Sec.
III A.
From the Miesowicz viscosity coefficients the so-called McTague ͓1͔ viscosity coefficients are found, ʈ ϭ 1,r , Ќ ϭ͑ 2,r ϩ 3,r ͒/2, ͑55͒ which are measured in a pipe flow, if the magnetization is oriented in flow and perpendicular to the flow direction, respectively. For spherical particles, Bϭ0, one obtains ʈ ϭ 0 and Ќ ϭ 0 ϩ␥ 1 /4, where 0 ϭ 0,rϭ1 ϭ s ϩ 0 is the viscosity of a dilute suspension of magnetically neutral spherical particles.
Dilute suspensions of nonspherical particles also show normal stress effects. The first normal stress coefficient N 1 for the shear flow vϭ͓v(y),0,0͔ is defined as N 1 ϭ(T yy ϪT xx )/␥ , with ␥ ϭdv(y)/dy. Analogously, the second normal stress coefficient N 2 is defined as N 2 ϭ(T zz ϪT yy )/␥ . For the geometry described by Eq. ͑46͒, these coefficients can be written as
ϪN 2 ϭ 1 4 ͓␣ 1 sin 2 ϩ␣ 2 ϩ␣ 3 ϩ␣ 5 ϩ␣ 6 ͔sin͑ 2 ͒. ͑57͒
Note that the normal stress coefficients N 1 ,N 2 vanish for perfect orientation in either flow or gradient direction.
D. Small Mason number
For small Mason numbers, MnӶ1, the dynamics is dominated by the magnetic field. For Mnϭ0, the stationary value 0 ϭ is found from Eq. ͑49͒. This corresponds to perfect alignment of the director with the external magnetic field. In case of nonvanishing but small Mason number, MnӶ1, the alignment angle is obtained from Eq. ͑49͒ as ϭ 0 ϩMn 1 ϩO(Mn 2 ), with the first-order contribution 1 ϭ␥ 1 ϩ␥ 2 cos 2. ͑58͒
In the limit of perfect orientation, S i ϭ1, 1 becomes 1 ϭ1 ϩB cos 2, while 1 ϭ0 for isotropic states. With the help of the alignment angle , the normal stress coefficient N 1 given by Eq. ͑56͒ becomes
if the magnetic field is oriented in the gradient (ϭ/2) or velocity (ϭ0) direction. In the low Péclet number regime, the order parameters S i can be replaced by their equilibrium values S i eq . Thus, the Miesowicz viscosities i,r given by Eqs. ͑51͒, ͑52͒, ͑53͒ become explicit functions of the magnetic field h and the axis ratio r. Figure 2 shows the reduced Miesowicz viscosities Note that within the present model ⌬ i 0 is independent of the volume fraction which is not the case for R i 0 . In the limit of strong magnetic field, MnӶ1, the magnetic moments are perfectly oriented, S i →1. In this case, the Miesowicz viscosities ͑51͒, ͑52͒, and ͑53͒ approach their limiting values 1,r Denoting the reduced McTague viscosity coefficients by ⌬ X ϭ͓ X,r (h)Ϫ X,r (hϭ0)͔/ X,r (hϭ0), Xϭʈ,Ќ, we notice that ⌬ ʈ changes by approximately 30% and ⌬ Ќ by almost 400% for hϷ10 and rϷ10.
IV. EFFECTIVE FIELD APPROXIMATION
The so-called quasi-equilibrium approximation ͑QEA͒ is a powerful tool to derive macroscopic equations from kinetic models ͓26 -28͔. Note, that in the context of ferrofluids, the term ''quasi-equilibrium approximation'' is sometimes used for the special approximation of neglecting magnetic relaxation processes ͓1͔. Here, the term QEA is used in its broad sense, as is common in many branches of statistical physics ͑see, e.g., ͓26,27͔ and references therein͒. Note, that ''quasi'' does not imply ''near.' ' As set of macroscopic variables we choose the first moment of the distribution function, Aϭ͗u͘. The QEA is ob-tained by minimizing the free energy functional subject to fixed constraints ͓26,27,29͔, F͓ f ͔→min, ͗1͘ϭ1, ͗u͘ϭA.
͑65͒
Carrying out the minimization of the functional ͑12͒ subject to the constraints ͑65͒, one obtains f *͑u͒ϭ f eq ͑ u͒exp͑⌳ •uϩ⌳ 0 ͒ ͑66͒ with the dimensionless Lagrange multipliers ⌳ and ⌳ 0 . Averages of functions A(u) with respect to the distribution function ͑66͒ are denoted by
The Lagrange multipliers ⌳ and ⌳ 0 are determined by the constraints ͗1͘ * ϭ1, ͗u͘ *
ϭA. ͑68͒
Upon reparametrization, e ϭhϩ⌳ , the generalized canonical distribution ͑66͒ becomes f *͑u͒ϭ e 4 sinh͑ e ͒ exp͑ e •u͒ ͑69͒
with the norm e of e . Note, that the distribution functions ͑69͒ are uniaxially symmetric, f *(u)ϭ f *(u•n), where the director n is parallel to e and M*, nϭ e / e ϭM*/M *.
Therefore, results of Sec. III are also valid in the present approximation. Comparing Eqs. ͑69͒ and ͑10͒, we observe that the QEA distribution function can be obtained from the equilibrium distribution upon replacing the magnetic field h by the socalled effective field e ϭhϩ⌳ . Thus, the so-called effective field approximation introduced in Ref. ͓4͔ is just the QEA for the special choice ͑65͒ of macroscopic variables. While this approximation gives accurate results in case of spherical particles, Bϭ0 ͑see, e.g., ͓30͔͒, the accuracy of the approximation ͑72͒ for Bϭ " 0 remains to be studied.
Moments of f * of order four or less are given by Eqs.
͑E1͒-͑E4͒
, where the scalar orientational order parameters S j are now given as explicit functions of e ,
where functions L i (x) are defined by Eq. ͑22͒. The macroscopic magnetization Mϭn͗u͘ is obtained in terms of e as M*ϭnAϭnL͑ e ͒ e / e . ͑71͒ The time evolution of the macroscopic variables A, i.e., of the magnetization ͗u͘ within the QEA, is found from Eqs.
͑69͒,͑16͒ with the help of Eqs. ͑23͒,͑70͒ and reads
͑72͒
The macroscopic free energy F*(A) is defined as the free energy functional ͑12͒, evaluated with the distribution function ͑66͒, F*(A)ϭF͓ f *͔. The Lagrange parameters ⌳ have a nice interpretation as the variables conjugate to the macroscopic ones,
The time rate of change of the macroscopic free energy is Ḟ *ϭ⌳ •Ȧ and becomes, upon inserting Eqs. ͑73͒ and ͑72͒,
Note that Eq. ͑74͒ coincides with the exact expression Eq. ͑14͒ if the latter is evaluated with f *. This result illustrates the fact that the QEA conserves the type of dynamics, i.e., the function F*(A)ϭF͓ f *͔ is an H function of the QEA dynamics if the functional F is an H function of the underlying dynamics, while F* is conserved by the QEA dynamics if F is conserved by the underlying dynamics ͓31͔.
A. Magnetization equation
Inserting the explicit form of the moments of order two and three into Eq. ͑72͒ and using Eq. ͑71͒ yields a closed equation for the macroscopic magnetization,
where the dimensional Lagrange multipliers ⌳ have been introduced, ⌳ ϭ⌳/(k B T), and 0 ϭn 2 /(3k B T) is the initial susceptibility. The coefficients i , i are defined as 
B. Stress tensor
In Ref. ͓10͔, also an expression for the symmetric stress tensor T s was given in terms of the conjugate variables. As shown in Sec. III, T s derived from the kinetic model under the assumption of uniaxial symmetry is of the EricksenLeslie form ͑A4͒. The comparison of this result to the stress tensor given by Eq. ͑16͒ in Ref. ͓10͔ is facilitated by rewriting the stress tensor ͑6͒ in terms of the dual variables ⌳. Within the QEA, the potential contribution to the symmetric stress tensor, T pot , can be rewritten as
Inserting the form of the moments and using the expression for the macroscopic magnetization, we find
In Eq. ͑80͒, we have dropped diagonal contributions to T pot since we consider here only incompressible flows. Equation ͑80͒ is a special case of equation ͑16͒ in Ref. ͓10͔ . Viscous contributions to the symmetric stress tensor are, however, absent from Eq. ͑16͒ in Ref. ͓10͔ while they do occur in the kinetic model considered here, Eq. ͑6͒.
V. BROWNIAN DYNAMICS SIMULATIONS
In order to discuss the validity of several assumptions made in the previous sections, we here present simulation results of the numerical solution of the full kinetic model ͑1͒. The numerical solution to the kinetic equation ͑1͒ is obtained by Brownian dynamics ͑BD͒ simulations of the stochastic process U t that satisfies the following stochastic differential equation corresponding to the kinetic equation ͓32͔:
͑81͒
The projector perpendicular to U t is denoted by P t ϵ(1 ϪU t U t ) and W t is a three-dimensional Wiener process ͓32͔. Using Itô's formula, it is verified that Eq. ͑81͒ conserves the normalization of U t . We recall that ⍀ϭPé⍀ ͑same for D) with dimensionless tensors ⍀ ,D characterizing the flow geometries. The dimensionless simulation parameters are the Langevin parameter hϭH/k B T, the axis ratio r, and the Péclet number Pé. Dimensionless times are expressed in units of a relaxation time . These parameters carry information about the implicit system parameter N, cf. Sec. I. For example, for cylindrical units made of a given number N of particles, rϭN, hϭNh 1 , ϭNe N 1 , and PéϭNe N Pé 1 in terms of ''microscopic'' quantities. The latter may be considered as fixed system parameters, if one is interested in the influence of chain length on the material properties. On the other hand, N and also r may be eliminated by using a further model for the effect of h and Pé on these parameters. In order to integrate Eq. ͑81͒ numerically, a weak firstorder scheme is used. By construction, the numerical scheme guarantees the normalization of the random unit vector U t ͓32͔. For various initial conditions, the simulations are performed for an ensemble of 10 5 random unit vectors U t with time step 10 Ϫ3 . Figure 3 shows the result of BD simulations for the ͑ensemble averaged͒ relaxational dynamics of the orientational order parameters S i for a perfectly oriented initial state in a plane Couette flow with Péϭ0.1 and the magnetic field hϭ1 in the gradient direction. The value of S 1 and the director n are obtained from Eq. ͑E1͒, while the values S i for iϾ1 are obtained assuming relations ͑E2͒-͑E4͒. A stationary state is attained for times tտ2.
In the sequel, simulation results for the stationary state will be presented that are collected as averages over the ensemble and subsequent time averages for times 10Ͻt Ͻ20. Plane Couette flow is considered in order to allow comparison to analytical results in Sec. III C. Figures 4 and 5 show the result of the BD simulation for the reduced shear viscosities a , b , and c , for Péclet number Péϭ0.1 if the magnetic field ͑and not necessarily the magnetization͒ is oriented in the flow, gradient, and vorticity direction, respectively. Figure 4 shows the results of the BD simulations for the shear viscosities in comparison to the results in Sec. III based on the assumption of uniaxial symmetry, where the values of the director components and the order parameters were extracted from the BD simulation. It is seen from Fig. 4 that the results of Sec. III agree qualitatively with the numerical simulations and that Eqs. ͑26͒-͑29͒ provide a very good description of the numerical results, while Eqs. ͑42͒-͑45͒ do so only for strong magnetic fields. As will be seen later, the assumption of uniaxial symmetry is violated for weak magnetic fields so that results of Sec. III represent approximations to the actual viscosities. Since Eqs. ͑26͒-͑29͒ provide a better approximation also for this regime, we no longer consider Eqs. ͑42͒-͑45͒ in the sequel. For weak magnetic field, the viscosity increases quadratically, while for strong field it approaches a limiting value. Since the Pé-clet number is small, it is expected that the viscosity coefficients are well approximated by the Miesowicz viscosities, a Ϸ 1,r , b Ϸ 2,r , c Ϸ 3,r . Figure 5 shows that the agreement with the analytical predictions ͑51͒-͑53͒ is very good.
It should be mentioned that three different shear viscosity (␥ y,0,0) . The Péclet number is Péϭ0.1 and the axis ratio was chosen rϭ5. The ordering of the curves from top to bottom corresponds to magnetic fields parallel to the velocity gradient, the velocity, and the vorticity direction, respectively. Symbols denote results from BD simulation, the solid and dashed lines represent the semianalytical results of Eqs. ͑26͒-͑29͒ and ͑42͒-͑45͒, respectively, where the values for the order parameters and director components were obtained from the BD simulation.
FIG. 5. Viscosity change ⌬ i,r
0 as a function of reduced magnetic field h for plane Couette flow. The Péclet number is Péϭ0.1 and the axis ratio was chosen rϭ5. The ordering of the curves from top to bottom is iϭ2,1,3, corresponding to magnetic fields parallel to the velocity gradient, the velocity, and the vorticity direction, respectively. Symbols denote results from BD simulation, the straight lines represent the analytical results, Eqs. ͑51͒, ͑52͒, and ͑53͒ with the replacement S i →S i eq (h).
FIG. 6. Relative viscosity change R i , Eq. ͑60͒, as a function of reduced magnetic field h for a colloidal suspension of magnetite in tetradecane. Data are taken from Ref. ͓33͔. Also shown is a fit to the data by Eqs. ͑51͒-͑53͒, where the axis ratio was chosen rϭ1.5. The ordering of the curves from top to bottom is iϭ2,1,3, corresponding to magnetic fields parallel to the velocity gradient, the velocity and the vorticity direction, respectively. Symbols denote experimental results, the straight lines represent the analytical results, Eqs. ͑51͒, ͑52͒, and ͑53͒ with the replacement S i →S i eq (h).
in the present model. For strong magnetic fields, hտ10, the simulation results are well described by Eqs. ͑26͒-͑29͒ if the values of the order parameters and director components are extracted from the BD simulation. For weak magnetic fields, hՇ1, we observe that the shear viscosity b becomes lower than the zero-shear value, b Ͻ 0,r . This so-called ''negative viscosity'' effect ͓1͔ has so far been observed only in oscillating magnetic fields, while the present model predicts this effect also for sufficiently high shear rates, PéϾ1, and weak magnetic fields, hϽ1. Note that it is difficult to fulfill the condition PéϾ1 experimentally since most ferrofluids show relaxation times of the order of 10 Ϫ4 s ͓1͔. However, using high-viscosity carrier fluids, relaxation times of the order of 10 ms can be achieved ͑see, e.g., Ref. ͓34͔͒, so that shear rates of the order of 100 s Ϫ1 would be sufficient to satisfy PéϾ1. For weak magnetic fields, the agreement is not as good as for strong magnetic fields and becomes worse for increasing Pé. In this regime, it is expected that the assumption of uniaxial symmetry does not hold. For the highest Péclet number simulated, Péϭ10, the results from Eqs. ͑26͒-͑29͒ for hϭ1 disagree with simulation results by a factor of 2. Figure 8 shows Brownian dynamics results of the first and second normal stress coefficient N 1 ,N 2 as a function of h for the same flow situation with Péϭ0.5. We observe that N 1 is negative, with a minimum value roughly around hϷ5. The second normal stress coefficient N 2 is found to be positive, N 2 Ӷ͉N 1 ͉, and only weakly dependent on the magnetic field h. Also shown are the semianalytical results for the case of uniaxial symmetry, calculated from Eqs. ͑A4͒ and ͑26͒-͑29͒ with the values S i taken from the Brownian dynamics simulation. We observe from Fig. 8 that the agreement between these results is satisfactory and improves for increasing h.
In order to further discuss the validity of the assumption of uniaxial symmetry made in Sec. III, we define the director n by ͗u͘ϭS 1 n, Eq. ͑E1͒. In the literature, there exist several measures for deviations from uniaxial symmetry. Here, we use the biaxiality parameter b defined in Ref. ͓35͔ as a function of the scalar invariants of the alignment tensor ͗uu͘, i.e., b 2 ϭ1Ϫ6I 3 2 /I 2 3 with I 2 ϵ͗uu͘:͗uu͘ and I 3 ϵ(͗uu͘•͗uu͘):͗uu͘. One has bϭ0 in the case of uniaxial symmetry while b reaches its maximum value bϭ1 in the case of planar biaxial symmetry. Figure 9 shows Brownian dynamics results of the biaxiality parameter b as a function of h corresponding to the same flow situation and the same Péclet number as in Fig. 8 . We observe from Fig. 9 that b rapidly decreases with increasing h, thus explaining the good agreement between the analytical results based on the assumption of uniaxial symmetry and the Brownian dynamics simulation for hӷ1. It is interesting to note that the agreement between Brownian dynamics simulation and analytical results for uniaxial symmetry agree fairly well even for h Ϸ1, where deviations from uniaxial symmetry do occur, as shown in Fig. 9 . A similar situation was already encountered for the special case of spherical particles, where a detailed analysis showed that biaxial corrections to the uniaxial approximation were found to be small, even if the parameter b approaches values close to one.
VI. CONCLUSION
In the present work, the relationship between the kinetic model of dilute suspensions of rigid, ellipsoidal, ferromagnetic particles and the Ericksen-Leslie theory of nematic liquid crystals is established in Sec. III. It is found that for uniaxial symmetry, the predictions of the kinetic model for the stress tensor are of the same form as in the EricksenLeslie theory. A complete set of viscosity coefficients is obtained as a function of the orientational order parameters. In the limit of small Péclet numbers, the viscosity coefficients Brownian dynamics simulation of the full kinetic model in plane Couette flow were performed in order to discuss the validity of the assumption of uniaxial symmetry, and thus the assumption made to proceed with the effective field approximation. It is found that the viscosity coefficients are in good agreement with the results of the uniaxial approximation, cf. Eqs. ͑26͒-͑29͒, ͑30͒. The agreement is enhanced for strong magnetic field, resp. low Mason numbers MnӶ1. We stress that this agreement does not imply the actual distribution function to be almost uniaxially symmetric. Indeed, even for large values of the biaxiality parameter, indicating strong deviations from uniaxial symmetry, the moments that are relevant for the stress tensor are still rather well approximated by the uniaxial expressions.
The derivation of the viscosity coefficients within the uniaxial assumption is not unique. We provide also a second, nonequivalent set of viscosity coefficients that satisfy Parodi's relation. Only in the limit of strong magnetic fields do these sets of viscosity coefficients coincide. The Brownian dynamics results reveal that the agreement is better for the first set of viscosity coefficients ͓Eqs. ͑26͒-͑29͒, ͑30͔͒ than the second ͓Eqs. ͑42͒-͑45͒, ͑30͔͒, that satisfies Parodi's relation. Thus, violations of uniaxial symmetry by the kinetic model seem to be better approximated if the assumption of uniaxial symmetry is imposed on the form ͑18͒ of the symmetric stress tensor than on the definition ͑6͒.
Polydispersity effects and dependence of the size of the agglomerates on the magnetic field should be taken into account for improved comparison with experimental results on ferrofluids. We mention that the present approach can easily be extended to include a field-dependent size of particles r ϭr(h) and polydispersity effects by subsequent averaging of the present results over values of axis ratios r. Following the approach of Ref. ͓15͔, the stress tensor in the uniaxial phase is still given by Eqs. ͑A1͒, where the Leslie coefficients ␣ i given by Eqs. ͑26͒-͑29͒ are replaced by their average values ␣ i . The averages are performed over all integer values of axis ratios, reflecting the assumption of cylindrical aggregates of identical spherical particles ͓15͔.
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APPENDIX A: DIRECTOR THEORY
We here summarize the basic equations of the EricksenLeslie continuum theory of anisotropic incompressible fluids with variable internal degree of alignment. The basic assumptions of the classical Ericksen-Leslie theory of nematic liquid crystals ͓18,23͔ are that the internal structure is described by a unit vector field n(x;t) ͑called the director͒ and that the stress tensor T is a linear function of the symmetric velocity gradient 2Dϵ"vϩ ("v) T and the corotational derivative of n, Nϵṅ Ϫ⍀ϫn, where 2⍀ϭ"ϫv is the vorticity of the flow, In the absence of body forces, the balance of linear momentum reads
where denotes the density of the fluid and p the pressure. Neglecting director inertia and surface stresses, the director n obeys the balance equation ͪ Ϫ1 ͬ
Ϫ1
.
͑B2͒
In terms of the geometric coefficients B and Q 0 defined below the dimensionless factor e r that occurs due to asphericity of particles, can be expressed as e r ϭ 5 3
For slightly deformed spheres with axis ratio rϭ1ϩ⑀ and ⑀Ӷ1, one gets e r ϭ1Ϫ 9 5 ⑀ϩ 1089 350 ⑀ 2 ϩO͑⑀ 3 ͒ for rϭ1ϩ⑀, ͑B4͒
while the opposite limit, rӷ1, gives e r ϭ 2 3͓2 ln͑2r ͒Ϫ1͔ for rӷ1. ͑B5͒
The latter expression ͑B5͒ represents a good approximation already for rտ2.
